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TO THE MEMORY OF ALBERT EINSTEfN ON THE CENTENARY OF HIS BIRTH 
Part I advances the hypothesis that between any two events on the world-line 
of a particle there can be at most finitely many intermediate events. From 
this it draws the conclusion that the space-time coordinates of events do not 
have precise meanings. Part II modifies the Feynman integral in a way which is 
analogous to the replacement of white noise by Gaussian noise. It thereby obtains 
a version of the quantum mechanics for a nonrelativistic particle in a potential. 
In the new discrete quantum theory, space coordinates have probabilistic 
rather than precise meanings; the energy of a free particle is a bounded operator; 
and the potential energy is a compact operator. It is argued that the differential 
scattering cross section for elastic scattering is unchanged when taken in the 
Born approximation. 
Concerning the divergences of quantum field theory there are two competing 
views. One, which is held for the most part by mathematicians, is that the 
the mathematics has not been done correctly, and that what is required is the 
kind of cleaning-up which Weierstrass brought to calculus. This view has led to a 
great deal of interesting mathematics; but it cannot yet claim, after 30 years, that 
it has successfulIy constructed an interacting relativistic quantum field theory 
which has much to do with the real world, The other vievv, which is held for the 
most part by physicists, is that there is something wrong-in particular that 
there is something wrong with the foundations of quantum electrodynamics. 
The present paper subscribes to this second view. Part I, which is philosophical 
in nature, examines some geometrical ideas which Iie at the foundations of 
quantum theory. It advances the hypothesis that between any two events on 
the world-line of a particle there can be at most finitely many intermediate 
events. From this the conclusion is drawn that our notions about the space-time 
coordinates of events need to be revised. 
Part II of the paper gives a variant of the quantum theory for a nonrelativistic 
particle moving in a potential. The new theory satisfies at least some of the 
requirements laid down in Part I. The method used is to replace white noise by 
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Gaussian noise. Using Gaussian noise, the discussion follows the steps of the 
usual theory which relate white noise successively to Wiener’s Brownian motion 
process, the Wiener integral, and the Feynman integral. What is obtained in 
this way is a variant of the Feynman integral. It is shown for the new theory that 
the energy of a free particle is bounded, and that, for a particle interacting with 
a potential, the interaction energy is a compact operator. Finally, the scattering 
of a particle by a potential is considered. A heuristic argument is given to show 
that for the Born approximation, the answer is the usual one, 
PART I. ON THE FOUNDATIONS~ 
1 .l Most discussions of the foundations of physics presuppose an under- 
lying space-time continuum. I purpose to call this assumption into question. 
It is appropriate, therefore, to begin with some account of the history of the 
matter. A convenient starting point is provided by the famous scholium in 
Newton’s Principia, [14] p. 6, which lays down absolute space and absolute 
time a priori. This view was reasonable at the time because such a frame seemed 
to be provided by the distant matter in the Universe. Of course it was shortIy 
discovered that the laws of mechanics are invariant under Euclidean transforma- 
tions, and this was subsequently revised by replacing the Euclidean group by 
the Lorentz group to obtain special relativity. A further revision was made for 
the theory of general relativity by allowing more general coordinate transforma- 
tions. In the revision process the original objects to which space-time coordinates 
applied shifted from “bodies” to “events”. Something, however, still survives 
from Newton. This is what I shall call the coordinate hypothesds, namely: 
locally, the range of possibilities for an event may be put into one-to-one 
correspondence with a neighborhood in the space Rd. 
It is this assumption which enables us to discuss fields, wave functions, and 
quantum fieIds. It goes unchallenged in the discussions concerning the founda- 
tions of quantum theory. To give the outlook I am describing a name, I shall call 
it Newtonian, although, because of the central role of fields, the adjective 
“Maxwellian” would be as appropriate. 
In opposition to the Newtonian view there has been, from the beginning, 
a line of criticism initiated by Leibniz in his correspondence with Clarke [l]. 
(CIarke appears to have been a standin for Newton. An account of the dispute 
is given in [1 11.) Leibniz’s point was that by laying down space a priori, Newton 
was getting himself into theological dif%ulties. What matters here is that 
Leibniz advanced the alternate view that space was a telaation between bodies. 
Mach’s epistemological argument that rotation must be described by relation 
1 Note added in proof. Ideas similar to the ones expressed in this section have been 
published by D. Bohm in “The Scientist Speculates” (I. J. Good, Ed.), Basic Books, 
New York, 1962. 
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to the distant matter, (see Einstein [6]), is a criticism along the same lines. There 
should also be mentioned at this point a criticism of the coordinate hypothesis 
which is implicit in the early work of Einstein. In [S] he says “We have to take 
into account that all our judgments in which time plays a part are always judg- 
ments of simuEatenous events.” To this he subjoins the footnote “We shall not 
here discuss the inexactitude which lurks in the concept of simultaneity of any 
two events at approximately the same place, which can only be removed by an 
abstraction.” Later, in 161, he amplified this view in another footnote. He says, 
“We assume the possibility of verifying “simultaneity” for events immediately 
proximate in space, or-to speak more precisely--for immediate proximity or 
coincidence in space-time, without giving a definition of this fundamental 
concept.” Plainly Einstein perceives a difficulty with what I have called the 
coordinate hypothesis and deals with it by laying down an axiom. 
I shall call the point of view LeibniGrn, which does not accept coordinates 
a priori, but insists on referring them to something else, whether bodies, or 
events, or “facts of experience”. The outlook represented by the present paper 
is Leibnizian in this sense. An important difference in the Newtonian and 
Leibnizian views should at once be pointed out. The Newtonian view gives us 
a way to proceed, and thus has always lain in the main-stream of development. 
The Leibnizian view, on the other hand, merely provides a critique and a means 
of ammending the Newtonian view. 
I.2 Quantum electrodynamics is the most successful physical theory cvcr. 
The most direct treatment of it is not field theoretic, however, hut is provided 
by Feynman’s “Space-Time Approach” given in [X] and [9]. The central idea 
is that two electrons may interact by exchanging a photon according to the 
following Feynman diagram. An electron iy passes from a spacetime point 1 to 
a space-time point 5 where it emits a photon; it then proceeds to cl point 3; 
while a second electron p at a space-time point 2 proceeds to the space-time 
point 6 where it absorbs the photon and then proceeds to the space-time point 4. 
An amplitude may be written down for this diagram according to simple rules. 
W’hen all the amphtudes of all the other permissihle processes are similarly 
written down, (it is here, in effects, that field theory enters to define the possi- 
hilities), a complete description of the electron-electron interaction emerges. 
Thus there is accomplished in a few pages, and by direct means, what field 
theory can arrive at only at great length. Unfortunately the principles require 
that an electron may interact with itself by emitting and reabsorbing the same 
photon. This Ieads to a correction to the mass of the electron which comes out 
to be infinite. The difficulty, and related ones, may he circumvcntcd by renor- 
malization, which is just a clever trick and is unsatisfactory because it violates 
basic principles. 
One reaction to Feynman’s treatment, the one prevalent among mathematicians, 
was more or less as follows. The terms corresponding to the different classes 
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of Feynman diagrams were regarded as no more than the elements of a perturba- 
tion expansion. Because all terms diverged except those of the lowest order, the 
expansion itself was viewed as invalid. Thus, the reality remained the interacting 
quantum fields, and Feynman’s vivid interpretation was regarded as poetic but 
devoid of content. The reaction of physicicists has been different because 
particIe exchange has proved to be a very fruitful way of analyzing interactions. 
In fact, interactions have been increasingly interpreted in just this way. 
The plan of Part I may now be described. I shall assume that the Feynman 
treatment is essentialIy correct, and I shall inquire, on a Leibnizian view, what 
are the simplest consequences which can be drawn from this assumption, By 
“consequences” I do not mean absolutely certain inferences, but rather reason- 
able hypotheses concerning the premathematical foundations, 
One such conclusion is immediate, It is simply not believable that in one part 
of physics interactions are mediated by particle exchenge, while in another part 
they are not. Thus I conclude that all interactions whatsoever take place as the 
result of particles exchanging other particles. Thus for the gravitational inter- 
action, even though it is doubtful that gravitational waves have yet been observed, 
and even though gravitational particles (gravitons) may never be observed, we 
must nevertheless suppose that gravitons do mediate the interaction. 
Now, whereas for Leibniz, space was a relation between bodies, for us space 
must be replaced by space-time and bodies by events. As to events, precedence 
must be given to the fundamental sort wherein particles are created or destroyed, 
for example, when an electron emits a photon. Particle theory is at present 
resolving the very complicated collection of observed particles into some sort of 
order, in a way which is reminiscent of the organization of the elements into the 
periodic table during the 19th Century. It represents a very real idealization 
along these lines to assume that particles wiI1 ultimately be organized into a 
system in which a small number will appear fundamental and the others as 
composit bound-states. (A field theorist, working from a Newtonian viewpoint, 
could reasonably reject this assumption.) Now if we adopt such a view, we may 
suppose the world line of a particle to be the sequence of events in which it is 
involved. Then the Universe itself may be viewed as an enormous Feynman 
diagram. I shall call it the uniwevsuE diugrum. The v&ices of the diagram are 
the events, and two events are connected by a directed line segment whenever 
a particle involved in the first is involved in the second without any intermediate 
events. It is not my intention to put down an axiom system for the universal 
diagram. (Anyway there can only be one diagram.) Nor do I purpose to exten- 
sively list its properties, My point is merely that, if we take Feynman diagrams 
seriously, something like the universal diagram must be the ultimate object of 
which the Universe is comprised; and further that, on a Leibnizian view, space 
and time are then to be regarded as aspects of the diagram itself, It follows from 
this view that such subsidiary concepts as distance, angle, and spin must also 
inhere in the diagram. 
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1.3 Two very different sorts of criticism can be levelled at the idea of a 
universal diagram, One is that it is a commonplace. The other is that it is an 
altogether unsuitable object for serious thought. 
As an instance tending to the first view I quote Russell’s popular account 
of philosophy [lq, pp. 70-71. “Matter . . . is not an unchanging substance but 
merely a way of grouping events . . . It is events that are the stuff of the world,... 
As regards space the modern view is that it is .., a system of relations, as Leibniz 
held.” However, Russell shows quite clearly that he doesn’t grasp the implica- 
tions of what he says, because at the same pIace he remarks that events are of 
short duration, and that space is not empty because there are light waves there. 
The difficulty is perhaps that because all theoretical treatments of modern 
physics are by continuum methods, Russell is unable to detach himself suffi- 
ciently from these methods to consider the implications of what he writes. 
The second sort of criticism is more serious, for it is certainly not clear that 
it is tenable to hold the universal diagram to be thefunda9nentaZ object. Such a 
demonstration can only be given a posteriori by observing a theory based on it 
to be successful. In the mean-time there are objections. One is that it violates 
the canons of positivism by laying down as fundamental, an object which are 
not at liberty to examine. (This would probably have been Mach’s view.) The 
answer is that all theories contain ideal as well as empirical elements, and that 
the positivistic accounts of quantum theory all take the spatial and temporal 
continua for granted, thereby incorporating precisely the assumptions that I wish 
to critically examine. 
It needs to be explained in this connection, that the universal diagram is not 
compatible with the “Copenhagen interpretation” of quantum mechanics. 
This interpretation says that the wave function gives a complete description of 
a quantum mechanical system. Now consider the classic thought experiment in 
which an electron is emitted from a source A, passes through one of two slits 
23, and B, in an otherwise impenetrable screen S, , and is absorved at a second 
screen S, in a receiver C. Let us ask: which slit did the particle pass through. 
The Copenhagen interpretation pronounces as follows. We cannot Know which 
slit the electron went through without placing a measuring device behind one 
of the slits, thereby radically altering the experiment. Thus the question is 
without content. All the reality of the situation is contained in the wave function 
#(t, x) which describes the propagation of the electron. Unfortunately this inter- 
pretation of wave function leads to Schrodinger’s “cat paradox”. (See the dis- 
cussion in [12].) This paradox shows the Copenhagen interpretation to be 
untenable. 
On the basis of the universal diagram we must pronounce very differently. 
There is the preliminary question of how we are to describe the blocking screen 
Si in terms of the universal diagram, Generally speaking, those devices whose 
description by means of a continuum are the most simple, such as potential 
barriers, are the most difficult to describe in terms of the universal diagram. 
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However, the case is not impossible provided we do not allow our barriers to be 
either infinite in extent or infinitely high. I shall leave discussion aside for the 
present and return to it brieffy in Part II. Now our description of the experiment 
identifies all particular cases in the universal diagram which correspond to it. 
For each particular case, it is cIear that the electron must go through slit A or 
slit B. Thus, what was meaningless before, must now be accepted. We are 
therefore driven to the “statistical” interpretation of quantum mechanics which 
is associated with Einstein. (See the debate between Bohr and Einstein in [17]. 
See also [3].) A general prescription for computing the probability of any 
particular outcome of an experiment is given by Feynman in [7]: an amplitude 
is computed for each of the possibilities into which the experiment may be 
1ogicalIy divided and the amplitudes are summed. The desired probability is 
the square of the absolute value of this sum. What is missing in this prescription 
is any reason for using complex amplitudes. The matter requires elicidation at 
a fundamental level, but a satisfactory treatment is not at hand. 
1.4 Consider two events A and B on the world-line of a particle in the 
universal diagram. Let us put the question: how many intermediate events can 
lie on the world-line between A and B. To arrive at an answer we must consider 
the simplest ideas about cosmology and say what they mean in terms of the 
diagram. Let us suppose, therefore, that something Iike the “big bang” theory 
is correct. In other words, let us suppose that we live in a finite universe in which 
there was an initial event A, with no events prior to it. Now let us ask how many 
line segments eminate from A, . The possibilities are: finitely many, countably 
many, and uncountably many. Of these the last is not believable, and the first 
is the most reasonable. Assuming that there are finitely many, the “finiteness” 
of the finite universe translates into the statement that any event is connected 
to A, through a finite chain of events. We are Ied to what I shah call the$&eness 
hypothesis, namely: 
between any two events on the codd-line of a particle there can be at most 
finitely many intermediate events. 
Thus for the universal diagram our usual ideas are reversed. The usual presump- 
tion that along a curve between A and B there are continuumly many inter- 
mediate points is not tenabIe, while the hypothesis that there are finitely many, 
becomes the simplest. The possibility that there are countably many intermediate 
events remains a possibility, but provides a much more difficult hypothesis. 
In what follows I shall assume finiteness. 
I .5 Let us now inquire how we must modify the coordinate hypothesis, if we 
accept the universa1 diagram and take a Leibnizian view. First observe the effect 
on Einstein’s observation, quoted in Section 1.1, that all judgments in which 
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time plays a part are judgments of events immediately proximate in space-time. 
This is fine for macroscopic events. (Einstein discussed a train arriving at a 
station at 7 o’clock,) But for the universal diagram there is a difficulty because 
two events are either distinct, with presumably different coordinates, or else 
they coincide and are actually the same event. Thus Binstein’s observation shows 
a difficulty with the coordinate hypothesis. 
Suppose that we nevertheless assume the coordinate hypothesis. This amounts 
to requiring, as an axiom, that the universal diagram be imbeddable in a four 
dimensional manifold. We are then forced to the conclusion that coordinates 
cannot have precise meanings because, assuming the finiteness hypothesis, 
we could deform any event A at a point Y in the manifold to a nearby point P’, 
without changing any of the relations in the universal diagram itself, or changing 
the coordinates of any other events. We are led, therefore, to what I shall call 
the second coordinate hypafhesis, namelv: 
it is impossible to assign precise space-time coordinates to events. 
Thus, if we proceed to assign coordinates to events, we must expect the following 
alteration in our ideas, namely, that for a given frame, the same event may have 
different coordinates and, for similar reasons, that different events may have the 
same coordinates. In other words, the coordinates of events must have probable 
rather than precise meanings. This observation, if correct, must ultimately 
work a considerable change in geometry. 
An apparent consequence of the probabilistic nature of coordinates is that the 
same should be true for velocities and, in particular, for the velocity of light. 
Thus the velocity of light should be something like a random variable, Kow 
consider Einstein’s postulate, which he gave in [5], namely, “that light is always 
propagated in empty space with a definite velocity which is independent of the 
state of motion of the emitting body.” 1Ve may still accept it provided we omit 
the word “definite”. The mathematical form of the resulting group of symmetries, 
which before was the Lorentz group, is almost certainly altered thereby. No 
theory along these lines exists at present. It may be added, however, that while 
the theories based upon the Lorentz and Euclidean groups must admit arbitrarily 
high energies, this is not to be expected in a revised theory. We may see this by 
considering the universal diagram. For a finite universe, such as the universal 
diagram describes, can have only a finite amount of energy in it. Of course the 
upper bound for the energy of a particlc, which is obtained in this way, is 
absurdly high. But the point is that the upper bound is not infinite. Thus a 
theory, such as that in Part II, where particles have bounded energy operators, 
is not, on that account, automatically wrong. 
1.6 The finiteness hypothesis and the second coordinate hypothesis form 
a marked contrast to the usual assumption of an a priori continuum; and yet 
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for most purposes, continuum methods work very well indeed. Let us inquire 
how this can be so. Consider the world Iine 1 of a particle (Y. For sake of definite- 
ness suppose that iy is an electron and that it is interacting with a proton /3 by 
exchanging photons. Suppose that the events of I which invoIve the interaction 
with fl form a sequence ,.. A, , A, , A, ,... . In some sense 2 is to look like a 
continuum with the Ai ranged at intervals along it. This can only be the case 
if on I, between each Ai and its successor A,.i.l there are a very large number of 
other events B,,, , Bi,z ,,,., Bi,n(d) . These events cannot involve photons, and 
further, since we may suppose .z and /3 to be far removed from other matter, the 
events B,,j cannot involve any of the other “standard” particles either. I conclude 
that the B,,, must involve graviton exchanges, and that most of these exchanges 
involve the distant matter in the Universe. Now, according to the theory of 
general relativity, the gravitational field interacts with itself. This requires that 
there be graviton-graviton exchanges. We have arrived at the following, which 
I shall caI1 the graniton h_ypothesis: 
the overwhelming preponderance of particle exchange involve gravitons, 
and allowing for possible intermediate graviton-graviton exchanges, most 
exchanges take place with the distant matter in the Universe. 
Let us assume the finiteness and the graviton hypothesis. Then the universal 
diagram should form some sort of discrete manifold. Riemann mentions the 
possibility of such a manifold in his Habilitationschrift [15]. He remarks in the 
antepenultimate paragraph that, for a discrete manifold, metric relations are 
given in the notion of the manifold itself, and he contrasts this to comtinuous 
manifolds where metric relations must be superimposed. Plainly, as far as 
discrete manifolds are concerned, Riemann’s views are Leibnizian. It remains, 
therefore, to show how “metric relations” arise in an intrinsic way for the 
universal diagram. 
I cannot claim to have carried this out in a satisfactory manner. However, 
some features are clear enough and I shall mention them very briefly. Let us 
simplify matters by restricting attention to the stable particles of positive mass 
and to the gravitons they exchange. Let us ignore graviton-graviton exchanges. 
The only measuring operation available is to count events along the worldlines 
of particles of positive mass. Let us regard this as providing an intrinsic clock 
for the particle. We may use graviton exchanges between particles to approxi- 
mately correlate the clocks in the manner of Einstein in [Sj; and then, assigning 
a velocity c to gravitons, we may use graviton exchanges to approximately 
measure distances. In this way we obtain the concepts of rod and following 
that of angle. With regard to angle, since we may use distant matter to define it, 
we may expect our ideas concerning it to be so close to those derived from the 
continuum as not to matter. For this reason the concept of spin, which I shall not 
have occasion to discuss here, may be expected to survive unchanged. 
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The above does not explain how we can choose a frame and discuss the 
coordinates of the proton and electron in an hydrogen atom far removed from all 
other matter, and this remains a difficulty. 
1.7 The preceding account remains tentative and incomplete. To achieve 
it I have entirely disregarded the canon that in the foundation of a subject the 
fundamental objects shall be observable. The arguments imply that quantum 
theory should be revised to take account of the finiteness hypothesis and the 
second coordinate hypothesis. In this connection it is worth quoting an opinion 
of Einstein written in his old age. In [17], p. 676, after reviewing some objections 
to the continuum and giving his mathematical reasons for adhering to it, he 
says: “Such argumentation, however, carries little weight with anyone who 
doubts that we have to adhere to the continuum at all. All honor to his doubt- 
but where else is there a passable road?” Perhaps we do not have to abandon 
the continuum entirely, but merely have to modify our use of it, Part II gives 
the first glimmerings that, in one direction, there may be such a road. 
PART Il. ON THE FEYNMAN INTEGRAL 
2.1 Wiener’s Brownian motion process plays a central role in a good deal 
of analysis. This process has white noise as its formal derivative, Now white 
noise has a discrete analogue in Gaussian noise which is sometimes used to 
describe noise in electrical circuits. This second part of the paper is an attempt 
to trace what happens to the Feynman integral when Gaussian noise is used 
to replace white noise and the appropriate changes are made in the various 
parts of the theory. A previous attempt to treat the Feynman integral along 
these lines was made by the author in the summer of 1974, but it was discarded 
because the hydrogen atom had no ground state. Subsequently many of the 
ideas described in Part I were developed from the still earlier conjecture that 
space-time was discrete. These ideas suggested new choices at various places 
in the 1974 theory. The present account is the result. 
What is achieved is a version of quantum mechanics for a non-relativistic spin- 
free particle moving in a potential. No experimental checks are in prospect for 
such a theory. Indeed, for the present theory to succeed, it must give answers 
which, for all practical purposes, agree with the usual ones. The purpose of 
Part II is a mathematical one, namely, to find a road through a small part of 
quantum theory which does not rely on the continuum to the usual extent. The 
theory satisfies the finiteness hypothesis and the outcome satisfies the second 
coordinate hypothesis for space. The latter hypothesis is apparently not satisfied 
for time. 
2.2 I shaI1 now explain why Gaussian noise has a connection with the ideas 
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of Part I. First let Nt denote Wiener’s Brownian motion process on the line. 
Then white noise is the formal derivative dNJ&. For any Bore1 set A with 
finite Lebesgue measure, we may integrate dNJdt over A with regard to dt. 
In other words we may integrate dhT, over A. Let the resulting random variabIe 
be denoted by N(A). Then N(A) d escribes the displacement of a particle 
undergoing Wiener’s Brownian motion process during time “interval” A. 
The map from 9 to N(A) gives rise to a random measure N which takes inde- 
pendent values on disjoint sets. Departing slightly from the customary Ianguage 
of probabilists, I shall call N a normal Wiener process. It is well known that N 
may be realized on the space of all paths in space, and that, in this case, the paths 
which are not continuous form a null set. This result is due to Wiener [23]. The 
process N is exactly what is required to describe continuous purely random 
inputs. This explains its importance and why it is adhered to even though it has 
some unfortunate mathematical properties. However, if one accepts the finiteness 
hypothesis, continuous paths become inappropriate, and instead of N one must 
use a process whose paths are discrete. That is by a process whose paths between 
(t’, x’) and (t”, x”) can have at most finitely many intermediate points. Such 
processes are common, but due to the imaginative power exerted by the contin- 
uum, the paths are usually said to be constant for all t except for the exceptional 
points where they jump. However, it is obvious that in many contexts the posi- 
tions between the jumps have no significance. 
Now if we use Gaussian noise instead of white noise, we are led, not to the 
process N, but instead to a process J which I shall call a Gaussian jump process. 
We may describe J by saying that it describes the motion of a particle making 
jumps according to a Gaussian law at random times whose distribution is 
Poisson. A Gaussian law is chosen because of its mathematical advantages. 
The process J may be realized on the space of discrete paths described above. 
Section 3 below developes the relevant properties of J. 
The present paper continues the research described in [20] and [Zl] in that it 
traces, in a particular context, just what happens when N is replaced by J, 
Of course the change from N to J does not involve abandonment of continuum 
methods, because although each path is discrete, the ensemble of all paths forms 
a continuum. 
2.3 Before taking up more technical matters, it is convenient to hriefly 
discuss the connection between the Feynman ahd the Wiener integrals. 
Consider a nonrelativistic particle of mass m in a potential V(x). Let t denote 
time and let x denote the space coordinate of the particle. Let K(x”, x’) be the 
amplitude that the particle will go from X’ = (t’, x’) to x” = (t”, x”). In [7] 
Feynman gives the following prescription for K(x”, x’), namely: 
I1jiliJs d(path) (1) 
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Here Ql,,x~ is the space of all continuous paths x(l) from x’ to x”; the integral 
relative to d(path) means a formal continuous sum, and for each path x(t), 




(,:mS -- V(x)) dt. 
Now let us introduce a Feynman measure dI;,*,,” on W,,x,u by setting 
Then the propagator is given by 
(2) 
As a prescription for computing K(N”, x’), this answer is clear enough, at least 
in special cases. NevertheIess neither J(path) nor dF,(,,” succeeds in being a 
measure. A crucial observation concerning this was made by Kac. (See [lo].) 
The observation is this, that if the relation i = - - 1 /i is used to insert i in just the 
right way into the formulae, as has been done above, and if i is then replaced 
everywhere by 1, then dF,,,,- becomes the Wiener measure dv,,+,” on Sj,,,,e 
and further that, with dz?,,,,- replacing dFx,,,o and 1 replacing i, equation (2) 
gives the propagator for the heat equation in the presence of a potential. 
The connection between the measure dv,f,, n and Wiener’s Brownian motion 
process is as follows. Let Nt denote the process and restrict t to the time interval 
I’ < t r< t”. Let 0,) be the space of all continuous paths beginning at x’ at 
time t’. That is a point w in 9,, is actually a path x(l). Now define .iV, to be the 
function on Qn,, which is given by 
N,(w) = x(f). 
To make AT, into the stochastic process, Sz,, must be supplied with a probability 
measure dv so that (i) for s < t, IVt - N, b ecomes a measurable vector-valued 
function with an isotropic Gaussian distribution with mean 0 and variance 
D(t -- s); and (ii) if S” < t” < s < t then h’t- - ;Y,x and Nt - N, shall be 
stochasticly independent. Wiener constructed such a measure dv. (The treatment 
in 1231 is actually for the l-dimensional case.) To obtain dv,,,,* from dv we first 
choose D to be 315/m. Then we imbed O,,,,n in 8,) and restrict dv to Q,,,,u , 
(See [IO].) 
PART III. THE DIFFUSION LAW 
3.1 Let N denote the 3-dimensional normal Wiener process on the line and 
let J denote a corresponding Gaussian jump process. Then for each bounded 
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Bore1 set A, both N(A) and J(A) are 3-dimensional random vectors. Both N and 
J may be thought of in the following way. Consider a particle diffusing in a fluid 
medium via Brownian motion, and suppose that A is an interval Then N(A) 
gives the displacement of the particle in the time interval A, and J(A) gives 
an alternate description of the same displacement when continuity of paths is 
not insisted upon. The purposes of this section are to provide a precise mathe- 
matical description of J and to obtain a possible form for the dependence of 
J upon the mass parameter m. The method for arriving at this dependence is 
as follows. We first require that ](A) shall have the same mean and variance 
as N(A). Then we require that, if two particles with masses m and m’ diffuse 
independently, then their center of mass shall diffuse like a particle of mass 
m + m’. This condition is satisfied by N. Imposing it for J suggests an 
appropriate dependence of J upon pn. The discussion is a straight-forward 
application of the theory of random measures which take independent values on 
disjoint sets, A study of such measures was undertaken by W. F. Stinespring and 
the author, under the name of Wienerprucesses. (See [22].) We chose the name 
because of the importance of the examples given by Wiener himself, and 
although it is not standard nomenclature, I shall adhere to it here. 
3.2 Wienerprocesses. The account which follows gives a necessary minimum 
of material from [19], [20], and [22]. 
Let X be a nonempty set. Let X be a u-algebra of subsets of X. Then a 
Wiener process on X is a mapping W from a subring 5l? of 3E to (scalar or vector 
valued) random variables on a space Q supplied with a probability measure Y. 
As part of the definition it is supposed that if A and B are disjoint sets in %, 
then W(A) and W(B) are stochasticly independent; and that W is countably 
additive in the following sense. Suppose that A, , A, ,... form a sequence of 
disjoint sets in !R and that C W(A,) converges in probability. Then A = lJ Ai 
is in % and W(A) = C W(A,). h Tow let 6 be the smallest o-algebra of subsets 
of IR with regard to which all the W(A) are measurable. Then G is called the 
measure ping of the process W. The triple (Q, 6, V) will be called the representa- 
tion space of W. A random variable relative to W is just a function on Q which is 
measurabIe with regard to this probability measure space. Its expected value is 
just the integral with regard to the measure Y. 
Next suppose that W and H” are two Wiener processes on X with the same 
domain %, but taking their values over the respective probability measure 
spaces (52, G;, V) and (a’, G’, Y’). Then kV and IV’ will be said to be isomorphic 
whenever there is a countably additive map from the random variables on Q’, to 
those on R, which preserves expectations and carries each W’(A) to W(A). 
The advantage of an abstract treatment is that, by identifying isomorphic 
processes, we are freed from the restrictions of any particular representation. 
In fact, we sometimes do not have to realize a Wiener process at all. We can 
prove an existance theorem for it instead. This is the point of view developed 
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by I. E. Segal for integration on function spaces. (For exampIe, see [IS] section 
4.) An example which is reIevant here is as follows. Let (X, X, V) be a nonatomic 
a-finite measure space. Let !R be the ring of subsets of r with finite ZI measure. 
Then up to isomorphism there is a unique vector-vaIued Wiener process N with 
domain ‘93 such that each N(A) . 1s a random 3-vector having an isotropic Gaussian 
distribution with mean 0 and variance a(A). I shall call this process the isot~o&c 
normal process with aa~iance V. Wiener’s Brownian motion process, which is 
described in Section 2.3, arises as follows. Let ,Y = [t’, t”]; let X = % = Bore1 
sets; and let do = 3(fi/m) dax. Then N, as it was described in Section 2.3, may 
be realized by setting 
A’, = Aqt’, t]). 
The abstract view readily permits us to define the direct sum of two processes 
W, and W, . Suppose their domains are !I& and %s respectively, and that both 
domains are contained in X. Let (12, , 6, , vi) and (Q, , 6,, VJ be the respective 
representation spaces. Then W, @ W, is a process with domain %i n $3, , 
which takes its values on (s2, >( D, , 6, x $, vi z ~3. The vaIue of W, @ W, 
at rZ E %i n ‘%a is given by 
One important family of Wiener processes are the Poisson processes. These 
are defined as follows. Let (X, $, p) be a nonatomic u-finite measure space and 
let !R be the ring of subsets of X with finite p-measure. Then the standard 
Poisson process on fi with mean p is that Wiener process P u-hose domain is ?I1 
and which has the property that each P(A) has a Poisson distribution with mean 
p(A). Up to isomorphism the process I’ is uniquely determined by the mean p, 
To realize P we let Q be the ensemble of all countable subsets o of X which 
have the special property that, for each A in x2, #(w CI A) < CO, where # 
written in front of a set means the number of elements in the set. Then P(A) is 
that function on D which is given by 
P(A)(w) =ze #(w n A), 
The a-algebra 6 is the smallest which makes all the P(A) measurable and the 
probability measure on I* 6 is character&d by saying that it is the unique 
measure which assigns to the set {w E Q: P(A)(w) = H} the measure 
exp[-p(A)] P(A)~/I~!. I shall refer to this realization as the scadter representation 
of P. 
There is a second representation of P which is very useful and which, in fact, 
is needed to establish the scatter representation. This is the exponential repre- 
sentation. It applies only when p(X) < CO, To describe this representation, 
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IletD=X”UX1UX2U**~, where X0 is the set whose only member is the 
empty set G. Now let P(A)(w) be defined as above. The probability measure Y 
on Q is defined to be that measure whose restriction to Xn is exp[-p(X)]p”/n!. 
A set C is in G if and only if its restriction to each X” is pL”-measurable and 
invariant under all permutations of the coordinates. 
Now let (X, ZE, FL) b e any u-finite measure space and let P be the corresponding 
standard Poisson process taken in the scatter representation with representation 
space (Q, 6, v). Let f(xi ,..., x,) be any scalar or vector-vaIued measurable 
function relative to the product measure space (X”, X”, Pi), and let B be any set 
in X”. Then the stochastic integral of j over B relative to dP(x,) a** dP(.r,) is 
given by 
where the prime denotes that only those n-tuples x1 ,..., x, are to be taken for 
which x1 # .rj if i f j. This stochastic integral is G-measurable. If j is actually 
pn-integrable over B, then 
Finally suppose that j(x) and g( x are X-measurable functions on 2.7. Then ) 
This formula is well known and follows at once if one takes the scatter repre- 
sentation and computes. 
3.3 The appropriate class of jump Wiener process will now be described. 
For convenience the first part is given in a slightly more general way than is 
strictly necessary. 
A jump of the amount y at time t will be described by the pair (t, y), Let 
X = R >i R3 = R4 denote the ensemble of all the (t, y). Let 5 be the Bore1 sets 
in R4 and let p be any nonatomic Bore1 measure on X for which p(A x R3) < 00 
whenever A is a finite interval. Let P be the standard Poisson process on X with 
mean p, and let P be taken in the scatter representation with representation 
space (J2, 6, v). Th en a point o in I;L is a doubly infinite sequence: 
where ii < tj+l for all i. Using the exponential representation, it is straight- 
forward to show that the set of all w in D which have ti = tj+r for at least one i, 
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has v-measure zero. Accordingly, we may assume that for all w and for all i, 
ti < t,+l m Thus each w in D describes a doubly infinite sequence of jumps and 
tells when they occur. 
Now let fl be all the bounded Bore1 sets in R. We define a vector-valued 
jump process J on !R by setting 
Thus the value of J on A is just the sum of the jumps which occur during the 
time “interval” A. In other words 
The process P is called the countingprocess for J because it counts jumps accord- 
ing to both the times they occur and their magnitude. 
Gaussian jupnp processes are those processes J which resuh from the following 
choice of the measure p, namely: 
(4) 
Here ol and p are positive constants and x2 = x * x. For such a process t-he jumps 
occur according to a Poisson law at rate iy, and the jumps themselves are Gaussian 
with standard deviation (3)lj2/3. (The factor (3)‘!” appears because the jumps are 
Gaussian 3-vectors.) 
We are to choose a and p so that J approximates N in the sense that both J and 
N provide descriptions of the diffusion of a free particle of mass m. Thus both ti 
and p are to depend upon ?n as is J itself. To indicate this dependence, I shaI1 
temporarily write a(m), /3(m), and I,,! . 
Since J,,? is to approximate N, we first require that the means and variances 
of Jnl(A) and N(A) shall coincide. The condition on the means is satisfied 
automatically because both are zero. The variance of X(/1) is (3~514 1 A 1, 
where 1 A j denotes the Lebesgue measure of fl. On the other hand, because the 
expected value of SW(A) is zero, the variance of j,(A) is the expected value of 
],,,(L4)2. This is just 
c if v dPjZ dv 
Jr, i JAXR3 * 
IJsing equation (3) above, we find that this : expression equals 
1 
“4XR3 
y2 dp = a(m) 
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Thus, equating the variances of J,n(A) and N(A), we have 
et(m) P(m)2 = fi/m (5) 
Next we use the idea that the center of mass of two particles of masses na and 
VJ’ should diffuse like a particle of mass m + 171’. This may be formuIated as the 
requirement: 
To identify the right side of (6), I observe the following: (i) Replacing Jm 
by hJ,,< with h > 0, amounts to replacing p(m) by hJ(m). (This may be seen by 
looking at the exponential representation.) (ii) Taking the direct sum of two 
jump processes J and J’ amounts to taking the direct sum of the corresponding 
counting process P and P’. If these counting processes have means p and ,A’ 
respectively, then P @ P’ has mean p + cc’. 
Now let 
(7) 
Combining the remarks (i) and (ii) above, we see that the right side of (6) is a 
jump process whose structure measure is (2n)-3/2 d4x times 
a(m) /q” @whe + a@‘) &3 &7-*a/2B,s (8) 
On the other hand the structure measure of JnL+m, is (2~)-~/~ d4x times 
&(m + m’) p(m + m’)-3 e-x~/28bn+m’P (9) 
To make the expressions (8) and (9) equal, and thus to satisfy (6), we set 
PI = B2 = B(m + 4 
cd(m) + a(m’) = ol(m + m’) 
When we replace /3, and pa in (10) by their values from (7), we get the following 
pair of equations: 
c+?z) + cl(d) = a(m + m’) 
mj3(m) = ??@(m’) 
(11) 
It remains to choose a(m) and F( m so that both the conditions (5) and (11) ) 
are satisfied. To do this, I observe that /3( m must have the dimensions of length. ) 
Now there is a length available, namely ti/ mc, the Compton wave Iength of the 
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particle. Accordingly I introduce a constant 0, which is a pure number, and write 
p(m) := &/WE. Then th e second equation in (11) is satisfied. To satisfy the first 
equation in (11) and equation (5), I choose a(m) = mc2ju%. 




i ) mc 
where o is a dimensionless constant. 
PART IV. DISCRETE QUANTUM THEORY 
4.1 I shall first trace the alteration in the Feynman measure which results 
from replacing N by J, 
Let X’ = (t’, x’) and X” = (t”, x”) be any two space-time points for which 
t’ <: t”. A discretepath from X’ to X” is either the ordered pair (x’, Y”) itself, or it is 
a finite sequence: 
where xi = (di , xi) for i = 1, 2 ,... , n, and 1’ < 1, < t, < ... <I t, < t”. The 
set of all discrete paths with exactly n intermediate points will be denoted by d, . 
In particular d, will denote the set whose only member is the discrete path 
(x’, 2’). Now let R,J,,~ denote the space of all discrete paths from X’ to Y”. Thus 
Q,,,,” r= d, u d, u d, u .” 
Now suppose that a particle diffuses from X’ to 11” and that its successive 
space-time displacements are governed by the Gaussian jump process J whose 
structure measure p is given by equation (4) above. The space of possible paths 
is QXf,,- . There is now to be assigned to s2,,,,~ a diffusion measure Y,‘,,” which 
is the analogue of WYener measure. To do it I observe that, according to J, 
the distribution of successive times in J2z~,X” should follow a Poisson law with 
rate 01 and that the jumps between successive spatial coordinates should follow 
a Gaussian law with standard deviation (3)‘/73 with iy. and /3 as given in (12). 
Now let k(x”, x’) denote the relative probability of a jump from x’ to X” without 
any intermediate points. Then 
k(x” , $) = e--o(t”-b’yl/j+ e-rx~-xY/zrv~g-3 (13) 
192 DAVID SHALE 
The diffusion measure ~~1,~ nshould be that measure on a,,~,,* which assigns to 
d, the “weight” K(x”, x’) and which on each A, is the Bore1 measure given by 
dv=e 5* = ank(x’, x1) k(x, , x2) 1.. K(x, , x”) d4x, ,..., d4x, (14) 
The Feynman mea-we Frsm,- on Q 2*,Zm ay now be defined to be that measure 
which results from placing the factor i in front of each t’, tl , t, ,..., t, , t” and 
also in front of each dt, ,,.., dt, in the description for Y~‘,~~ . Unlike the con- 
tinuous case, the Feynman measure in the discrete case offers no mathematical 
difficulties at all. To compute the Feynman integral of a functional on 52,,*,- 
one merely uses (13) and (14) above with iol instead of a, and then uses (12) to 
replace ai and 13 by mc2ju% and &nc respectively. 
4.2 Now let us consider what is the appropriate formula for the propagator 
of a nonrelativistic particle moving in a potential V(x). In other words let us 
consider how formula (2) in Section 2 should be amended in the discrete case. 
To obtain a suitable class of potentials observe that the one potential which 
must be treated is that due to an infinitely heavy charged particle particle 
located at the origin. That is 
V(x) = -g 
where ] x 1 = (x + x)rrr. Generalizing this, I shall suppose that V(x) is a real 
function on ‘W which satisfies the following assumptions. 
I. 1 I’ve is integrable on each ball S, with center at the origin and 
radius r > 0, 
II. Given E > 0 there is an r > 0 such that j I’(x)1 < E outside some 
suitabIy large ball S, . 
III. V(x) < l/8 where 8 is a small constant. It will be shown that 6 may 
be taken to be any constant greater than os/mcz, 
The effect of Assumption III is to put a bound on potentials which correspond 
to repulsive forces. 
Now the propagator in the continuous case is obtained by integrating the 
functional 
with regard to Feynman measure. This functional is multiplicative along paths. 
An appropriate discrete anaIogue-I shall call it QV--may be obtained by setting 
@y(w) = (1 - rV(x”))li”(l - EV(X3) ... (1 - EV(Xr))(l - CV(X’))lia (13) 
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where w is the discrete path x’, X~ ,..., X, , x” and E is a positive constant less 
than S. The precise value of E will be determined below. Observe that for a free 
particle, I’ = 0, and QJ~ = 1. Observe also that, unlike the continuous case, the 
functional QV is real. This is required by unitarity. The propagator K(x”, x’) 
may now be defined analogously to the continuous case by setting 
To understand K(x”, E’) it is convenient to regard it as the kernel of an 
integral transform IT(t”, t’) on L,(F). I n other words, for f(x) in L,(R3), the 
action of T(t”, f’) is given by 
T(Y, l')f(x') = jRS K(x", X')f(X') 8X', 
Next, for f in L,(P) let 
~f(~y = (42)-312 jR3 e-(x"-x W/(X’) d3x’ 
and 
Bf(x”) = (1 - l V(X”))‘~2f(Xf’) (18) 
Because (~tp”)-~/~ exp[-xzjtp2] satisfies the heat equation I/& = (15214) O#, we 
may also write 
A = ,$@/4)* (19) 
where d denotes the Laplacian. Also it should be observed at this point that ilz 
is the integral transform with kernal 
(2,/jZ)-3/Z e-(xc-x’)z/2S2 (20) 
To see the mathematical form of the transformation T(P, t’) consider the 
integral 
Here CD&. is as in (35) and the measure is dv,pe,- as it is in (14) with CL replaced by 
ioi. Now carry out the integration with regard to dt, ... dt, and observe that the 
integral of this measure over the set {(tl ,..,, t,): t’ < t, < *a* < t, < t”} is 
.(f’ - t’)“jn! Then (21) may b e seen to be the kernal of the transformation 





I f  we set 
U(t) = exp[-&(I - BA”B)] (23) 
we may rewrite (16) as 
T(t”, t’) = (BAZB) U(t” - t’) = U(t” - t’)(BA2B) (24) 
Thus the propagator T(P, t’) is not a unitary operator on L,(P) and the theory 
apparently fails. 
However, if we form 
(W”, qp, T(f, t’)qq, 
we find that this expression equaIs (BA2Bp, BA2B$) which does not depend 
upon time. Accordingly we define the transition amplitude between QI and (G by 
The completion of L,(P) with regard to (*, *} will be denoted by fi. For a free 
particle, when Y = 0 and B = I, we get the special case 
The completion of L,(P) with regard to {a, .10 will be denoted by $$,, .
Because BAZB commutes with U(t), we conclude that U(t) is a unitary 
operator on $$. I shah assume that U(l) is the correct unitary propagator in 
discrete quantum theory and that the change from (rp, I/J) to (p, $> is due to the 
inherent imprecision in spatial coordinates. 
Now let us denote the energy operator by H. Then we should have 
When we compare this with (23), we find that 
H = h(l - BA2B) (27) 
We may now determine the constant l which appears in the definition of QjV 
by requiring that, to lowest order in both E and cr, H shall agree with the usual 
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energy operator which is -(#/2m)d + V(x). But using the values of IY. and fi 
given in (12), and expanding in power series using (18) and (19), we find that 
to lowest order 
We conclude, therefore, that 
According to equation (18) for the operator B to be self-adjoint, 1 - l V(x) 
must be non-negative. We can arrange for this, and for B-l to be bounded, by 
choosing S in assumption III to be greater than E = ~?jrnc~. 
4.3 Before proceeding to a discussion of the implications of the discrete 
theory, it is convenient to examine the structure of some of the operators 
involved. 
Consider first the operator 
BA 
where A and B are as given in (I 7) and (18). Assumption III above ensures that B 
is positive selfadjoint and that the inverse B-l is bounded. I shall show that B”A 
is a bounded operator. It then follows that BA is bounded also. Let us write 
Thus C is the operator on L,(R3) which results from multiplication by -GV(X), 
Let S, be the ball in R3 with center at the origin and radius r > 0, and let 
K,(X) be the characteristic function of S, . Let C, be the operator onL,(R3) which 
results from multiplying by -et’(x) K~(x). Then C,A is an integral operator on 
L,(P) with kernal 
-&t(g) qx”) x {(l/;/3)-3 e-(x”-x’J”;D3} 
Assumption I concerning V(x) guarantees that this kernal shall be square 
integrable. Thus C,A is a Hilbert-Schmidt operator. Assumption II implies 
that C - C, tends to 0 in norm as r -+ CO. Hence C,A + CA in norm. Because 
CJ is Hilbert-Schmidt, it follows that CA is a compact operator. Therefore CA 
is bounded. The boundedness of B2A and of BA follow. Boundedness for AB 
follows similarly. 
Now let BA be regarded as an operator onL,(R3) and let it be polar decomposed 
as 
BA = WD (29) 
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where D is self-adjoint and W is an isometry, Then D satisfies 112 = ABZA, 
while W maps the orthogonal complement of the null space of D onto the range 
of BA. The operator W is, in fact, unitary. To see this first observe that 0 is the 
only element in the null space of D. For suppose Df = 0. Then BAf = 0. 
Thus Af = B-lBAf = 0. Now Fourier transform. We find that for some X, 
exp[-M]f(k) = 0 almost everywhere. Thus j(k) = 0 almost everywhere 
and f = 0 in L,(P). It remains to show that W is surjective, or in other words, 
that the range of BA is dense in L,(R3). Suppose that g E&(P) and that g is 
orthogonal to all BAf with f inL,(R3). Then 0 = (g, BAf) = (ABg, f) for all f. 
Thus ABg = 0. Now Bg may not be in L8(R3). but we may regard it as a tem- 
pered distribut?. Then Fourier transforming ABg, we get exp(-Ak2)(G)(K) = 
0. Therefore (Bg) = 0. H ence Bg = 0. Thus g = B-l(Bg) = 0. 
We now have BA2B = (BA)(BA)* = (WD)( WD)* = WPW-l = 
W(APA) W-l. Therefore 
W-l(BAzB)W = AB2A (30) 
4.4 lnierpretatioa According to the usual ideas, the relative probability 
for finding a particle with wave function # at a point x is ) $(x)1”. We may write 
this as I@, , #)I”, where 6, is the 3-dimensional S-function concentrated at x. 
I shall assume analogously that the same probability is given in the discrete 
theory by I&, $>I”. N ow consider a free particle. In this case V = 0, B = I, 
and (q, .> gets replaced by (n, *& . F or any point a the d-function 6, is a member 
of $$,, . I shall interpret 6, as the wave function of a particle concentrated at a. 
Thus I(S, , 6,}0 I2 may be interpreted as the relative probability that a particle 
at a will be also found at x. Using (17) and (261, this relative probability may be 
computed to be 
where the first factor has been inserted to insure that the integral over R3 with 
regard to 8x shall be unity. This formula shows that the standard deviation p 
is to be interpreted as the inherent imprecision in any space coordinate, In other 
words, space coordinates are determined to within one jump of the Gaussian 
jump process 1. When a potential is present, the change from <*, *},, to (., *} 
may be interpreted as a small correction due to V(x). Thus, as far as space 
coordinates are concerned, the second coordinate hypothesis is satisfied. 
Let us now consider how we are to regard the finiteness hypothesis. Consider 
the world line of a particle of positive mass which is interacting with an infinitely 
heavy particle at the origin by exchanging particles of mass 0. (See Section 1.6.) 
Suppose these exchanges take place at . . . A,, A,, A, ,,.. on the world line and 
that between each Ai and Aicl there are finitely many graviton exchanges 
Bi.1 > Bi.2 j-a* * Now let us ask: to what do the jumps of the process J refer 1 
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On a Leibnizian view, coordinates are to be determined by a counting procedure 
something like the one sketched in Section 1.6. It is unlikely that such a procedure 
could effectively distinguish between the coordinates of an event Biej and those 
of its successor Bi,3+1. I conclude, therefore, that the jumps of the process J 
refer to the differences in coordinates of the successive Ai. In other words the 
points of a discrete path for J do not list all the events of a world-fine, but 
merely give a sampling from those events. This interpretation must then be 
carried over to the case of a free particle when 5’ = 0. We may think of the 
sampling to inhere in the frame and to be possibly different for different frames. 
The discrete theory does not explain the central mystery of quantum mechanics, 
which is why we have to add amplitudes rather than probabilities. But it does 
throw some light on it, To see this consider 
The first gives the diffusion of a particle starting at x’ while the second gives the 
propagation of the quantum mechanical particle. According to equation (22) the 
second has the operator theoretic version 
e-i”‘t”-t” .f [-2-q - f)]” ,- (BAB)“l+I 
n-cl n. 
To obtain an operator theoretic version for the first, we need merely suppress i 
everywhere. Thus, apart from the initial factors exp[-a(t” ~ t’)] and 
exp[-&(t” - t’)] which we can think of as adjusting relative probability and 
phase respectively, the two theories differ only in that in the quantum mechanical 
case a factor i must be inserted for each intermediate vertex. Thus, when we add 
amplitudes in discrete quantum theory, we are using a form of statistics which 
is not more complicated than Bose Statistics or Fermi statistics. 
Now consider the energy operator for a free particle. We have V = 0 and 
B := I. According to (27) and (I 9), the free energy H,, is given by 
We can simplify this by using R to denote the usual free energy -(@/2m)~l. 
Then inserting the values of a: and /? from (12) we get 
f-r,, :- (&p){r -” e-l~‘/nJc21y. (311 
Thus tke energy of a free particle is a bounded operator. Because we assume that 
u < 1, the bound mcB/oe is so high as to be irrelevant for a nonrelativistic 
particle. Nevertheless, the existance of a bound suggests that the theories for 
two frames moving uniformly to one another should not be identical. In other 
words, it suggests that there should be a preferred class of frames. This is 
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entirely reasonable, because on a Leibnizian view, as with Newton, those frames 
are singled out with regard to which the distant matter appears isotropic. On 
such a view, two frames moving uniformIy with respect to each other would be 
completely equivaIent only in the limit of an infinite universe. 
Expanding out (31) to first order in powers of u2jmcz, we get 
Ho ia E - (u2/2mc2) E2 (32) 
This is to be compared with the first order expansion for the energy of a free 
relativistic particle, namely, 
E - (1/2mc2) E2 
Thus the small correction term in (32) will be entirely masked by the relativistic 
correction. Nevertheless, the discrete theory suggests that special relativity will 
ultimately prove to be incorrect at extremely high energies. 
Next consider the energy operator H for a particle moving in the presence 
of a potential. We can explicate the operator-theoretic character of the energy 
by considering W-IHW where W is the unitary operator obtained in Section 4.3 
for the polar decomposition of BA. According to equations (27), (30), (18) 
and (28) 
W-.IHW = HO + AVA (33) 
where V denotes the operator on L2(R3) which results from multiplication by 
V(x). The operator AVA will be called the eflecctiwe pote&zZ corresponding 
to V(X). The argument at the beginning of Section 4.3 shows that the efJectiwe 
potential is a compact operator. 
To first order in C? we have 
W-lHW w (E + V) - (u’~2mc’)[P + EV + YE] (34) 
where E is the usual free energy -(#92/2m)d. Because E + V is the usual energy 
operator, (34) gives a basis for perturbation computations which trace the effect 
of discreteness at low energies. 
It remains to say briefly what happens to the discrete theory when 0 approaches 
zero. (From the point of view of Part I, this may be interpreted as the question 
of what happens in the limit of an infinite universe.) Clearly J approaches N, 
the discrete Feynman integral approaches the usual (non existant) one, and the 
statistical interpretation of amplitudes described above is lost. From a traditional 
point of view an advantage of the discrete theory is that computations may be 
carried through completely with LT # 0, and then u may be let tend to zero at the 
very end, Since everything in the discrete theory is bounded, this may prove an 
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advantage, particularly if the theory can be adapted to multiparticle theory.” 
One further comment shouId be made. Namely that the present theory has 
an affinity with nonstandard analysis. (See Nelson [13] for an account of that 
theory.) Nonstandard analysis retains the continuum. Nevertheless, by using 
infinitesimals and nonfinite integers, it replaces integrals by sums. Thus on a 
world line (that is a path) between A and B it can allow continuumly many 
intermediate events and treat them as if there were finitely many. An elegant 
formulation of Brownian motion using nonstandard analysis has been given by 
Anderson in [2]. It may be expected that a satisfactory nonstandard treatment of 
the Fcynman integral will be found shortly. Thus it bccomcs interesting to ask 
what hccomes of discrete quantum theory when the constant (T is taken to be a 
positive infinitesimal. 
4.5 l’he Perturbation lhpansion. We let V be as above. We set U(t) -.: 
e~p[~~~(i/fi) tH]. Then, according to (33) we have 
Expanding out the right side in a perturbation series yields 
W~w(t)Tv : U*(t) + U1(t) t- U2(t) -1’ .‘. 
IIere U,,(t) = exp[-[i/A) IH,,]. Fo r R 2 1, the n-th term is given by 
U,(f) = ( -ijh)n S, l/;( t -- f,)(A VA) C.J,(t, - f,-J 
92 
(36) 
..’ U&t* - r,)(AvA) GT,(t,) dr, *.. dt, (37) 
where 1,‘ == {(fl ,..., t,): 0 < t, < a*. < t, < t), 
Because Ho and BVA are both bounded operators, an elementary argument 
is sufficient to establish (36). For consider the integral equation 
Here U’(t) is the unknown. The usual arguments in elementary differential 
equations texts show the following. (i) The right side of (36) converges to a 
solution of (38). (ii) Th e solution to (38) is unique. But U’(t) = exp[-((i/A) x 
t(H, + AL’A)] is such a soIution. Thus the validity of (36) is established. In a 
formal way the expansion may also be derived from the Feynman integral. 
To do this one expands out OV (see (15)), . m p owers of E leaving alone the two 
outside factors (I - l V(x))‘l~ and (1 - l V(x))‘f”. This gives 
ov = Go + Eq + a, (39) 
z Note added in proof. Ii will be shown in a subsequent paper that the theory extends 
readily to a potential varying with time, to multiparticle theory, and to a particle inter- 
acting with a vector potential. 
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Now integrate each term in (39) over Q,+,,= with regard to the Feynman 
measure dF,,,,- , According to (22), (23) and (30) the left side yields the kernal 
for the operator (BA) W-rU(t” - t’) W(AB). On the other hand a straight- 
forward computation shown that the n-th term on the right yields the kernal for 
the operator (BA) UJt” - t’)(AB). 
Because AVA is compact, each of the terms Ur(t), U,(t),... is a compact 
operator. Because the sum of these operator converges in norm, the sum is 
itself compact. It follows that U(t) which gives the interacting dynamics is a 
compact perturbation of U,,(t) which gives the free dynamics. 
To interpret the expansion (36), first suppose that the potential V(x) corre- 
sponds to a particle P located at the origin. Because P does not react, we must 
take its mass to be infinite. This has the consequence that times in the discrete 
theory are precisely determined. To see this observe that, if a particle of mass m 
has its space coordinates determined to within fi = &./(rrrc), then examining the 
structure measure (see (4)), we see that the anaIogous assumption for time is that 
it should be determined to within (11~~) = &/(mcz). This is inversely propor- 
tional to m, Thus for an infinitely heavy particle we expect time to be precisely 
determined. Now consider our particle of mass m > 0 interacting with P by 
exchanging massless particles (e.g. photons). Because exchanges are instantaneous 
we cannot say whether they are absorptions or emissions, but the times are 
precisely fixed. 
Now the unitary operator U(l) describes the evolution of a particle of mass 111 
interacting with P. The perturbation expansion (36) expresses the amplitude 
for going from time 0 to time t as an infinite sum. Thus U,(t) gives the amplitude 
that the particle proceeds freely from time 0 to time t, while U%(t) treats the case 
when there are la intermediate events. In fact that interpretation of UJt) is 
almost the usual one. Thus the particle propagates as a free particle to t, via 
Uo(Q. At time 5, there is a particle exchange with the potential, This corresponds 
to the insertion of the term V. However, because the spatial location of the event 
lacks precise meaning, the factor A must be inserted on each side of I/ giving 
the term AVA. The particle then propagates freely to time t, via Uo(ts - tr), 
and so on. 
It was the success of perturbation theory which permitted Feynman to inter- 
pret interactions as particle exchanges in [S] and [9]. For the discrete theory, 
provided the potential satisfies the assumptions given at the beginning of Sec- 
tion 4.2, the expansion is always valid, And so is the interpretation. There is no 
need for the potential or the coupling constant to be small. The effect of a 
large V(x) is merely that a great many terms contribute significantly to the total 
amplitude. In particular, we have the interpretation of interaction through 
particle exchange when V(x) corresponds to a potential barrier such as the one 
in the thought experiment discussed in Section 1.3. There the barrier consisted 
of a screen S with two slits in it. In a region sufficiently remote from the slits 
WC may set V(x) = 0, and elsewhere in S, apart from the slits, we may set V(x) 
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equal to any large constant C. The only restriction is that to satisfy assumptionHI 
at the beginning of Section 4.2, we must choose C < mc2/a2. 
4.6 Scattering The usual methods for discussing, the scattering of a non- 
relativistic particle in a potential may be adapted to the discrete theory. The 
remarks which follow make no attempt at mathematical rigor. 
First observe that while the interacting dynamics is given by U(t) which acts 
upon $j, the free dynamics is given by U,(t) which acts upon the different 
Hilbert space .&, . I shall assume that it is permissible to take both U(t) and U”(t) 
to be operators on L,(F). (This amounts to saying that the operator B which 
occurs in the definition of the inner product (see equation (E)), dots not affect 
transitions between plane waves. This is reasonable enough since a particle 
undergoing scattering spends most of its time remote from the scatterer.) 
We may now describe a plane wave normalized to unit volume by 
(40) 
where according to (31) 
ED _ (mc2;cr%){ 1 ~ e-cr/nicn;7riel’~4~ 
(4f) 
The matrix element 
( w P& XII %(tJ xl) (42) 
may be computed using the perturbation expansion for F(t) given in (36). 
To see new things work out in a specific case I shall consider the differential 
scattering cross section in the Born approximation. That is the approximation 
which results from using only the first term in the expansion (36) in computing 
(42). Thus wc consider 
(u,(t) %#4 Xl> v’ett, 4 (43) 
I shall now employ the heuristic device of placing the system in a box of side L 
and imposing periodic boundary conditions on the Laplacian. Then, in order to 
normalize it correctly, the wave function pp should be replaced by 4, = L-3hpo 
It follows that (43) should be replaced by 
(W) 1cl,,(O~ XII &it9 xl) (44) 
where the inner product (-, .) is now obtained hy integrating over a cube of side,!,. 
Then according to (37), with 7~ -= I, the expression (44) may be written as 
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Now, according to (12) and (19), 
Thus (45) may be rewritten as 
where as usual q : p - pO is the momentum transfer and p(q) is the Fourier 
transform 
.r e(ilAJa~x qx) d3X, 
R3 
Thus the matrix element (44), is given by the expression (46). This differs from 
the usual matrix element only by the inclusion of the first factor. 
From this point on the computation follows the usual one. (See [4] pp. 533- 
536.) We consider elastic scattering and set p = 1 p 1 = ] p, 1. The density of 
states per unit energy range should be written 
Then the differential scattering cross section du for scattering into the solid angle 
dQ is given by 
(47) 
where u is the group velocity for the plane wave vp . As is usual, I shall take it that 
so that 
(48) 
For low momentum this yields w M p/m as it should. (For p > me/o equation 
(48) says unacceptably that velocity decreases as p increases. But this happens 
when v is around c/u and I shall ignore it.) When the value for a in (48) is inserted 
into (47), the differential scattering cross section becomes 
(49) 
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Thus the discrete and the continuous theories give the same resuIt. For the 
discrete theory this means that scattering experiments uncover the actual 
potential TJ’ rather than the effective potential A1’-4. 
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